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Example B.2 (Repeated pole). Find the partial fraction expansion of the function

f (z) =
4z+8

(z+1)2(z+3)
.

Solution. Since f has a repeated pole, we know that f has a partial fraction expansion of the form

f (z) =
A1,1

z+1
+

A1,2

(z+1)2
+

A2,1

z+3
.

where A1,1, A1,2, and A2,1 are constants to be determined. To calculate these constants, we proceed as follows:

A1,1 =
1

(2−1)!

[

(

d
dz

)2−1 [
(z+1)2 f (z)

]

]∣

∣

∣

z=−1

=
1

1!

[

d
dz

[

(z+1)2 f (z)
]]∣

∣

z=−1

=

[

d
dz

(

4z+8

z+3

)]∣

∣

∣

∣

z=−1

=
[

4(z+3)−1 +(−1)(z+3)−2(4z+8)
]∣

∣

z=−1

=

[

4

(z+3)2

]∣

∣

∣

∣

z=−1

= 4
4

= 1,

A1,2 =
1

(2−2)!

[

(

d
dz

)2−2 [
(z+1)2 f (z)

]

]∣

∣

∣

z=−1

=
1

0!

[

(z+1)2 f (z)
]∣

∣

z=−1

=

[

4z+8

z+3

]∣

∣

∣

∣

z=−1

= 4
2

= 2, and

A2,1 = (z+3) f (z)|z=−3

=
4z+8

(z+1)2

∣

∣

∣

∣

z=−3

= −4
4

=−1.

Thus, the partial fraction expansion of f is given by

f (z) =
1

z+1
+

2

(z+1)2
−

1

z+3
. �
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