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Theorem 3.1 (Decomposition of function into even and odd parts). Any arbitrary function x can be uniquely repre-

sented as the sum of the form

x(t) = xe(t)+ xo(t), (3.7)

where xe and xo are even and odd, respectively, and given by

xe(t) =
1
2
[x(t)+ x(−t)] and (3.8)

xo(t) =
1
2
[x(t)− x(−t)] . (3.9)

As a matter of terminology, xe is called the even part of x and is denoted Even{x}, and xo is called the odd part of x

and is denoted Odd{x}.

Proof. From (3.8) and (3.9), we can easily confirm that xe+ xo = x as follows:

xe(t)+ xo(t) =
1
2
[x(t)+ x(−t)]+ 1

2
[x(t)− x(−t)]

= 1
2
x(t)+ 1

2
x(−t)+ 1

2
x(t)− 1

2
x(−t)

= x(t).

Furthermore, we can easily verify that xe is even and xo is odd. From the definition of xe in (3.8), we have

xe(−t) = 1
2
[x(−t)+ x(−[−t])]

= 1
2
[x(t)+ x(−t)]

= xe(t).

Thus, xe is even. From the definition of xo in (3.9), we have

xo(−t) = 1
2
[x(−t)− x(−[−t])]

= 1
2
[−x(t)+ x(−t)]

=−xo(t).

Thus, xo is odd.

Lastly, we show that the decomposition of x into the sum of an even function and odd function is unique. Suppose

that x can be written as the sum of an even function and odd function in two ways as

x(t) = fe(t)+ fo(t) and (3.10a)

x(t) = ge(t)+go(t), (3.10b)

where fe and ge are even and fo and go are odd. Equating these two expressions for x, we have

fe(t)+ fo(t) = ge(t)+go(t).

Rearranging this equation, we have

fe(t)−ge(t) = go(t)− fo(t).

Now, we consider the preceding equation more carefully. Since the sum of even functions is even and the sum of odd

functions is odd, we have that the left- and right-hand sides of the preceding equation correspond to even and odd

functions, respectively. Thus, we have that the even function fe(t)− ge(t) is equal to the odd function go(t)− fo(t).
The only function, however, that is both even and odd is the zero function. (A proof of this fact is left as an exercise

for the reader in Exercise 3.14.) Therefore, we have that

fe(t)−ge(t) = go(t)− fo(t) = 0.

In other words, we have that

fe(t) = ge(t) and fo(t) = go(t).

This implies that the two decompositions of x given by (3.10a) and (3.10b) must be the same decomposition (i.e., they

cannot be distinct). Thus, the decomposition of x into the sum of an even function and odd function is unique. �
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