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Example A.11. Determine for what values of z the function f (z) = 1/z is analytic.

Solution. We can deduce the analyticity properties of f as follows. First, we observe that f is a rational function.

Then, we recall that a rational function is analytic everywhere except at points where its denominator polynomial

becomes zero. Since the denominator polynomial of f only becomes zero at 0, f is analytic everywhere except at 0.

Alternate Solution. To study the analyticity of f , we use Theorem A.3. We express z in Cartesian form as z = x+ jy.

We rewrite f in the form f (x,y) = v(x,y)+ jw(x,y) as follows:

f (z) = f (x+ jy) =
1

x+ jy
=

(

1

x+ jy

)(

x− jy

x− jy

)

=
x− jy

x2 + y2
.

Thus, we have that f (x,y) = v(x,y)+ jw(x,y), where

v(x,y) =
x

x2 + y2
= x(x2 + y2)−1 and

w(x,y) =
−y

x2 + y2
=−y(x2 + y2)−1.

Now, computing the partial derivatives, we obtain

∂v

∂x
= (x2 + y2)−1 +(−1)(x2 + y2)−2(2x2) =

−2x2 +(x2 + y2)

(x2 + y2)2
=

y2 − x2

(x2 + y2)2
,

∂w

∂y
= (−1)(x2 + y2)−1 +(−1)(x2 + y2)−2(2y)(−y) =

2y2 − (x2 + y2)

(x2 + y2)2
=

y2 − x2

(x2 + y2)2
,

∂v

∂y
= (−1)(x2 + y2)−2(2y)x =

−2xy

(x2 + y2)2
, and

∂w

∂x
= (−1)(x2 + y2)−2(2x)(−y) =

2xy

(x2 + y2)2
.

So, we have that, for z 6= 0 (i.e., x and y not both zero),

∂v

∂x
=

∂w

∂y
and

∂v

∂y
=−

∂w

∂x

(i.e., the Cauchy-Riemann equations are satisfied). Therefore, f is analytic everywhere except at 0. �
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