Theorem 4.5 (LTI systems and convolution). A LTI system I with impulse response h is such that
Hx=xxh.

In other words, a LTI system computes a convolution. In particular, the output of the system is given by the convolution
of the input and impulse response.

Proof. Using the fact that § is the convolutional identity, we can write
convolutional identity

5600 = H o 81(1).

rewrite convolution

Rewriting the convolution in terms of an integral, we have .
9s inteqral

—oo

Hox(t) = K {/m X(T)8(-— r)dr} (0).

Since H is a linear operator, we can pull the integral and x(7) (which is a constant)with respect to the operation
performed by J) outside I to obtain interchonge Y with both

XLT) 2nd ntegral
( linc.ari};\,)

Hox(t) = [ Zx(r)ﬂf{a(- _ )} (1)dr

Since X is time invariant, we can interchange the order of J and the time}shift of 6 by 7 (i.e., H{6(-— 1)} =

HS(- — 7)) and then use the fact that 1 = H§ to obtain irrierchomae 7/ s by <
o ond time shift th o
H then Hx(t) = / T)HS(t — 1)dT (time invaeiance) en
Shift by T .
B —/ h(t—1) dTA) =HE (bY definition)
=xxh(t).
Thus, we have shown that Hx = x x i, where h = HJ. -
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