Example 7.38 (Simple RC network). Consider the resistor-capacitor (RC) network shown in Figure 7.24 with input v,
and output v,. This system is LTI and can be characterized by a linear differential equation with constant coefficients.
(a) Find the system function H of this system. (b) Determine whether the system is BIBO stable. (c) Determine the
step response of the system.
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Figure 7.24: Simple RC network.

Solution. (a) From basic circuit analysis, we have

vi(t) =Ri(t)+v2(¢) and (7.14a)
i(t) =Cgw(r). toking LT (7.14b)
Taking the Laplace transform of (7.14) yields
Vi(s) =RI(s)+ Va(s) and (7.15a)
I(s) = CsVa(s). ) (7.15b)
Subsi.‘l:ul'c
Substituting (7.15b) into (7.15a) and rearranging, we obtain C7.15b) into (7.153)
ta eliminate T
Vi(s) = R[CsVa(s)] + Va(s)
= Vi(s) =RCsV1(s)+ V>, (iy factor
= Vi(s) =[14+RCs]Va(s)
N Va(s) 1 rea3rrange
Vi(s) 14RCs’
Thus, we have that the system function H is given by V2(8) =V f (s) H(S) =
. 1 H{s) = v (8
: Hs) = 1 res Vi(s?
: | % ) divide numerotor and dencminsgtor
uz =, L
— ¥ Re s+ 7e by RC
— L .
RC ~ R explicrty Show poles
s (—ﬁ)

Since the system can be physically realized, it must be'causal. Therefore, the ROC of H must be a right-half plane.
Thus, we may infer that the ROC of H is R&(s) > —z=. So, we have J
see @

H(s)

for Re(s) > —%.

~ 1+RCs

(b) Since resistance and capacitance are (strictly) positive quantities, R > 0 and'C > 0. Thus, _R% < 0. Conse-
quently, the ROC ‘contains the imaginary axis and the system is'stable.
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(c) Now, let us calculate the step response of the system. We know that the system input-output behavior is

characterized by the equation .
& Stnce System 15 LTI

Va(s) =H(s)Vi(s)

1+RCs

To compute the step response, we need to consider an input equal to the unit-step function. So, vy = u, implying that
Vi(s) = % Substituting this expression for V; into the above expression for V,, we have

0= (i) (3)

1

s(s+7e) by Rc

Now, we need to compute the inverse Laplace transform of V; in order to determine v,. To simplify this task, we find
the partial fraction expansion for V,. We know that this expansion is of the form

A A
Vo(s) = L4 22
s st L
RC

Solving for the coefficients of the expansion, we obtain

Al = SV2<S)|s:0
=1 and
AzZ(S—F%)Vz(S” 1

S=—F
1

RC

L
RC

=-1

Thus, we have that V; has the partial fraction expansion given by

1 1

N er%

Taking the inverse Laplace transform of both sides of the equation, we obtain

LT Eabie vz(t)znl{i}m—al{ ! }<r>.

s+ %
¢ —RHP
Using Table 7.2 and the fact that the system is'causal (which implies the necessary ROC), we obtain

nverseg LT

T |
ult) < -\l:; for Rels) >0

- LT 1
e g*u(,t) ~— 3ia {oc Rels) > -3
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LT
Vil =u(lt) <« Vs) =

___KC divide numerater 2nd denominator



