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INT. J, CONTROL, 1987, voL. 46, No. 6, 2199-2218

Balanced approximation of two-dimensional and delay-differential
systems

W.-S. LU, E. B. LEEt and Q.-T. ZHANGt

A generalized balanced approximation method for reducing two-dimensional (2-D)
and delay-differential models is given. This is possible because of the form the
gramians of such systems take. In particular it is shown that the reachability and
observability gramians can be expressed as integrals of a certain system-related
function along the imaginary axis or unit circle of the complex plane. The gramians
provide two sets of system invariants which lead in a natural way to the concept of a
generalized balanced realization, which in turn leads to a way to accomplish model
reduction.

1. Introduction

Approximating a model of a linear dynamical system by a lower-order one can
considerably simplify various analysis and synthesis procedures. The appearance of
the balanced approximation method of model reduction initiated by Moore (1978)
has proved to be most significant because of its desirable properties such as good error
bounds, computational simplicity, stability, and its close connection to robust
multivariable control (Laub 1980, Pernebo and Silverman 1982, Glover 1984, Glover
and Limebeer 1983, Doyle 1984).

However, for infinite-dimensional systems such as two-dimensional (2-D) systems
and delay-differential systems, results on model reduction are only just starting to
appear (see Paraskevopoulos 1983, Lee et al. 1985 and Jury and Premaratne 1986,
for example). Recently, some work on balanced representations for certain infinite
dimensional systems has been reported (Curtain and Glover 1986) with a finite dimen-
sional approximation scheme to provide the reduced-order model. In our approach,
we try to retain the original form of the model (if we have a differential-difference
equation (DDE) we try to obtain a DDE model approximation) in the reduction, but
one that involves fewer parameters.

In this paper, we give a generalized balanced approximation method for reducing
2-D and delay-differential models. To this end, the concept of a balanced realization is
extended to these systems in a natural manner, which is made possible through the use
of certain complex integral representations of the gramians of the systems considered.
Some preliminaries are given in the next section. In particular, we show that the
reachability and the observability gramians of a linear time-invariant system can be
expressed as complex integrals of certain system-related functions along the imagi-
nary axis or the unit circle, depending on whether the system considered is continuous
or discrete-time. In § 3, for the Roesser model of a stable 2-D discrete system,
generalized gramians are defined in terms of doubie integrals of similar system-related
functions on the unit bi-circle. These gramians provide two sets of system invariants,
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leading naturally to the concept of a generalized balanced realization. To obtain a 2-D
balancing transformation, the upper-left and the lower-right submatrices of the
gramians should be positive definite. Several results regarding their computation and
positive definiteness are given. Based on these observations, a balanced approxima-
tion method is proposed. Section 4 is devoted to an analogous study for delay-
differential systems. A key point for reducing 2-D and delay system models using the
balanced approximation method is to compute the upper-left and the lower-right
parts of the associated gramians. In § 5, a detailed analysis on this issue is carried out
using a Lyapunov approach. Two examples are provided in § 6 to illustrate the main
results.

2. Preliminaries
Consider a minimal realization of a stable discrete-time system as represented by
the difference equations

x(k + 1) = Ax(k) + Bu(k)}
Y(k) = Cx(k)

with x(k) € R", u(k) € R™ and (k) € R".
Define the reachability and observability gramians by

k=0,1,... (1)

A'BB"(ATY and W,= Y (A")CTCA' (2)
i=0 i=0

e

Kd=

il

respectively. An asymptotically stable system is said to be balanced whenever
K,=W,=X=diag{o,,...,0,}, 0,2..206,>0 (3)

Assume that System (1) has been balanced. We may regard the gramians as certain
measures of input-to-state and state-to-output couplings, and the balanced realization
provides the system a coordinate setting where these couplings are equally weighted
so that those state components which are weakly coupled may be discarded
(Harshavardhana et al. 1983). Actually, when

612 ..20,26,,,2..20,>0

we partition A, B and C of (1) as

All AIZ Bl
A= , B= , and C=[C, C(C,]
AZl AZZ BZ

with 4,, e R™*", B, e R"*™ and C, € RP*", and thereby obtain a reduced system
(A,,, 8,, C,). It turns out {Glover 1984) that such a lower-order system represents a
good approximation of the original one in terms of the L®-norm.

In the continuous case, let (F, G, H) be a minimal realization of a stable linear
continuous system of dimension n. Define the reachability and the observability
gramians by

KC=J exp (Ft) GGT exp (F"t) dt and WC=J exp (FT't) H'Hexp (Ft) dt  (4)
0 0

respectively. The balanced realization of (F, G, H) can be defined similarly, and the
above reduction procedure also applies.
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Given a minimal realization of a linear time-invariant system, a non-singular
coordinate (1-D similarity) transformation in the state space is said to be a balancing
transformation if the transformed realization is balanced. As is seen in the works of
Moore (1978) and Laub (1980), a key step for obtaining a balancing transformation is
to compute the gramians of the system considered. One way of doing so is to solve the
following Lyapunov equations

AK,AT—K,;= —BB" (5a)
A"W,A—-W,= —C'C : (55)
FK .+ K.E"= —GG" (6 a)
F'W.+ W.F=—-H"H (6 b)

An efficient and reliable algorithm for solving (6) can be found in the work of Bartels
and Stewart (1972). In Appendix A, an algorithm for computing a balancing
transformation given by Laub (1980) is listed.

Alternatively these gramians can also be obtained through certain complex
integrals. To do this, let us define

fl2)=(zI—4)""B (7a)
g42) = Clzl — A)™! (7h)
fils)=(sI--F)~'G (8 a)
g () =H(sI—F)™! (8 b)

and then the gramians can be found as follows,

Theorem 1
Let K;, W;, K, and W, be given as in (2) and {4), then

1 d

Ka= ;f fi2) 2 (94)
J Iz]=1 z
1 . dz

W= LM OGO (9 b)
1 + jo .

Ke=3- Lw S5 f*(s) ds (10 a)

and '
W= L.J 7 g (9)gdls) ds (10 b)
27'[_] - joo

where * denotes the conjugate transpose.

Proof
This is simply an application of Parseval’s theorem.

It will be seen that the above integral representations of the gramians make it
possible to extend the concept of a 1-D balanced realization to 2-D and delay-
differential systems in a natural way.
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3. Approximations of 2-D systems
Consider a 2-D discrete system realized as a Roesser model:

hes l,- A A N h ',‘ B
[x(t+ J):|=|: v Az ["“”}{ 1i|u(i,j)EAx+Bu (11 a)
x¥(i,j + 1) Ay Aq |[x"G)) B,

By »
Wi =ICy Cz][x ("”]zm (11 b)

x*(i, )
withAd, e R"*" A, R"*" B, e R"*™and C, € R?*™, The 2-D z-transform of (11)
yields the transfer function

_ N(z,,z
Qz1, 73) = CLl(z,, ) — 4] ' B= N or 2D (12)
pzy,2,)
where
1(zy,23) =21, ®z;1,, (13)
p(zy,z;) =det [I(z,, z;) — A] (14)
and @ denotes the direct sum. Throughout this section we assume that
p(z1,2:) #0 for (zy,z;) € {(z1, 22|21 2 1, |22] 2 1} (15)
to guarantee the BIBO stability of the system.
Similarly as in (7), let
Fy(zy,2;,)=[l(zy,2z;) —A]™'B (16 a)
and
Gy(zy,2,) = C[H(zy,2,) — AT (16 b)
and then the generalized reachability and observability gramians of (11) are defined as
] d22 dzl
K,=—— F F* — 17
2 (2m)? ﬁz”:lﬁm:l 2(21,22)F3(zy, 25) 7 2 (17 a)
and
1 dzl le
Wy= —— Gi(21, 2,)Gy (21, 23) —2 = (174)
: (27j)? §|2||=1 §22|=1 P IERe 2y 5y

respectively.

To see that(17) provides a natural generalization for the 2-D case, one may recall that
in the 1-D case, in a digital filtering content, the observability and reachability gramians
are closely related to the roundofl noise power and the dynamic range constraints on
the state variable (Mullis and Roberts 1976 and Hwang 1977). Lu and Antoniou (1986)
showed that an analogous relationship holds whenever the definitions (17 a) and
(17 b) are adopted. Moreover, just as in the 1-D case, the generalized gramians
provide certain system invariants which play an essential role in extending the concept
of balanced realization to the 2-D case. To show this, observe first that a 2-D
similarity transformation should be of the form T="T, @ T, where T, € R"*" and
T, € R"2*" are non-singular, and using this transformation leads to an equivalent
realization of Q(z,,z;) as (A4, B,C)=(T~'AT, T™'B,CT). Further, denote the
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reachability and observability matrices associated with (4, B, C) by K, and W,,
respectively, and partition K,, W,, K, and W, as

K2=|:K: Klzil, W2=|:W1Tl le], K2=|:[§;l f?lz:|’ and

Ky K, Wi, Wi, Ki: K

) W, W,

Wz=|j-l1.1 ”12:| (18)
Wi, Wy

where K,,, W,,, Ky, W,, are of dimension n,. We then have the following result
concerning invariants,

Theorem 2

The cigenvalues of K,, W,, and K,,W,, are invariant under 2-D similarity
transformations.

Proof
By (17), we have

K,=T 'K, T™" and W,=T"W,T (19)
It follows that
K11=T1‘1K11711_T
K22= Tz_lesz_T
Wn = TlT W11 Tl
and
Wu: TzTszTz
which imply that
R11W11=TF‘K11W11T1 and KzzWu:n-leszzE (20)
(]

Remark
By (19),
K, W,=T 'K,W, T
meaning that the eigenvalues of K, W; are also invariant under 2-D similarity
transformations. It should be noted, however, that since a 2-D similarity transform-
ation must be block-diagonal, it is in general impossible to find a transformation

T =T, ® T, such that both K, and W, are diagonal and equal. Theorem 2 combined
with the above observation leads to the following definition.

Definition 1
A realization (4, B, €) of a 2-D transfer function is said to be balanced if

KIIZWH=diag(6111012a"~>6]n,) (21 a)



2204 W-S. Lu et al.

and ; . .
K,, =Wy, =diag(o,,,0;,, ..., 02,,) (21 b)

withe,, 26,2 .. 20, 20and 6, 20,2 ... 20,,,20. O

Williamson (1986) related the 1-D balanced realization to an optimization
probiem. That is, with K, and W, defined by (2), he proved that among all possible
similarity transformations associated with discrete-time, a system as represented by (1):

Jo=tr(Ky+ W)

will be minimized if and only if (3) holds, i.e. (4, B, C) in (1) is a balanced realization.
Using Definition 1, one can extend Williamson’s result to the 2-D case in a straight-
forward manner claiming that among all possible 2-D similarity transformations
associated with system (11),

J2=tr(K2+ WZ)

will be minimized if and only if (4, B, C) in (11) represents a 2-D balanced realization,
To obtain a 2-D balancing transformation, K;; and W, (i = 1, 2} need to be positive
definite. We have the following result regarding this issue.

Theorem 3
K, and K,, are positive definite if (4, B) is locally reachable, namely

rank [M(1,00 M(0,1) ... M(n,n)]=n,+n, (22)
W, and W,, are positive definite if (A, C) is locally observable, that is
- -
CAy,
CAo,,
rank CA,o =n, +n, (23)
CA,,,
CAnina
where A;; are recursively defined :;s (Roesser_l975)
Ajj=ApAi-y j+ Ap1Aij—y for i20,j20 (24)
with
Aoo=In inp Aro= [A‘ Az], Ao = [ >0 ]
0 0 A, A,
A_;j=A; ;=0 for i>0, j>0
and

M(i, j) =Ai-1.j|: 0 :| +A4; ;- |:B :I
2
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Proof
See Appendix B.

It has become clear that under the conditions of Theorem 3 a 2-D balancing
transformation T can be found by using K;; and W; (i = 1, 2) as matrices K and W of
Algorithm 1 {see Appendix A) to obtain two 1-D balancing transformations T, and
T,, and then form T=T,® T;.

A crucial step for obtaining such a T is to compute K, and W), (i=1, 2). This
computation will be detailed in § 5. At this point it is also of interest .to note the
following result.

Theorem 4
The gramians K, and W, defined in (17) can be computed as

K;= ZO M(i, )M (i, j) (25a)
=
and
(,Z A,-TjCTCA,-,-) (.Z A,»TjCTCA,-_lJJ,,)
W _ i.j=0 11 =0 12 (25 b)
=
(g A,AT,.CTCAH,J_l) ( § A,.T,.cTCA,.,.)
ij=0 21 ij=0 22

where ( * ),, denotes the upper-left submatrix of dimension n; of the matrix involved,
and ( *),,, ( *),, are defined similarly.

Proof
See Appendix B.

Based on these observations, it is now a simple matter to describe a 2-D balanced
approximation approach, that is, once a 2-D balanced realization (say (4, B, €)) is
found, a reduced 2-D model (4,, B,, C,) of order (r,, r,) can be obtained by a further
subpartitioning of (4, B, €) as

- ’ilr A‘Zr - Blr - ~ ~
Ar = - - ] Br = ~ 3 and Cr = [Clr Clr] (27)
A3r A4r Blr

4, Approximation of delay-differential systems

Realization of retarded and neutral delay-differential systems has been a subject of
study for some time. It was demonstrated by Sontag { 1978), Lévy (1981) and Zak et al.
(1986) that, given a transfer function Q(z,s) of a retarded or a neutral delay-
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differential system, there exists a neutral type of realization described as

[hu+ 1)] l:Al A2:| [h(t)] [Bl:l [h]
= + uty=A + Bu (28 a)
x(0) Ay Ay || x(0) B, x
h(t) h
wy=I[C Cz][ ]EC[ :| (28 b)
x(t) X

with A, e R"*™, A, e R"**", B, e R" "™ and C, € R?*". Throughout this section, it
is assumed that

det [I{z,s) —A]+#0, for |z|=1 and Resz=0 (29)

with I(z, s} = zI, @ sl,,. Condition (29) implies stability independent of delay (i.0.d.)
of (28) (Kamen 1982).

Now let
Fyz,5)=[I(z,s)— A]"'B (30 a)
and
Gy(z, 5y =C[l(z,5) — A]"! (30 b)
with the generalized reachability and observability gramians of (28) defined as
l +joo
Ku= I J F,(exp sh, s)F¥(exp sh, s) ds 31a
—jo
and
1 + joo
W, = 7 .[ G¥(exp sh, 5)G,(exp sh, s) ds (31 b)
—jo

respectively. Lu and Lee (1986) have shown that the above-defined W, and K,, can be
related to an L, sensitivity measure with respect to coefficient variations of a delay-
differential system and the dynamic range constraints on the state variables,
respectively.

Onc of the advantages of employing model (28) is that it enables us to reduce the
system’s order in s and the number of the delay elements used independent!y. This is
particularly appropriate in the present case since (28) is assumed to be stable i.o.d. so
that z and s can be treated as two almost independent variables (Kamen 1982, 1983).

Analogous to the 2-D case, the similarity transformations of (28) should be of the
form T=T, @ T,, and an equivalent realization of (28) under transformation T is
(A, B,C)=(T~'AT, T~' B, CT). By (31), the gramians of the transformed realization
can be computed as

Ru=T 'KuTT (32 a)
Wa=T W (32b)

Now partition K, Wi, K4y and W, as

kdd= ’%;ld 1?124 , and v‘%d: vj/lTld vf/lld]
K12d K22d WIZd W22d
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where Ky, Wi, K,y and W, are of dimension n; for i = 1, 2. An argument analogous
to the proof of Theorem 2 leads to the following result.

Theorem 5
The eigenvalues of K,,W,,; and K,,,W,,, are invariant under similarity
transformations.

We now give a definition for balancing a delay-differential-type system.

Definition 2
Neutral realization of a delay-differential system, say (A, B, €), is called a balanced
realization if
Ky4= W,y =diag(c,,,0,;,..., Ciny)
and

K= Wiy =diag (o, 0,;, ..., O3n,)

witho,, 206,,2 ... 20,, 20and 6,5, 20,2 ... 20,,,20.
Concerning the positive definiteness of K;;, and W, (i = 1, 2), sufficient conditions
are provided next.

Theorem 6
Kig (=1, 2) are positive definite if
rank [M(1,0) M(0,1) ... M(n,,n)]=n,+n, (33q)
W4 (i=1, 2) are positive definite if
- C =
CAg,
CAy,,
rank CA,, =n, +n,
(330
CA,,,
L. CAMJ!Z- 1 _]

where M(i,j) and A, ; are defined as for the 2-D case.

Proof
See Appendix B.

We now conclude that upon the availability of positive definite K;;; and W,
(i=1,2), a balancing transformation of (27) can be obtained through the use of
Algorithm 1 where K and W are substituted by K, and W}, (i = |, 2) respectively,
resulting in two 1-D balancing transformations T, and T,, and then forming
T=T,@T,. Furthermore, a reduced model of order (r,,r,) can be found by the
further subpartitioning procedure described by (26), {27).

The computation of K;;; and W,;, will be considered in the next section.
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5. Computational issues
5.1. 2-D Systems: computation of K, and W}, (i=1,2)

5.1.1. Truncation method. By Theorem 4, a straightforward way of computing K;
and W, (i=1, 2) is to use truncated double sums, i.e.

I,
Ky =, OJKZ[O‘J (34 a)

0
Ky, =[0 1"2]152-[1 } (34 b)

ny

A,T,,,CTCA,,,,) , i=1,2 (35)

where

X Al‘—l.m +Alm—1 (36)
0 B,

and L and M are positive integers. Through the use of the recursive formula (24), the
computation procedure of the above finite sums can readily be programmed. In
general, when L and M are large enough, (34) and (35) will represent good
approximations of K;; and W,, respectively. On the other hand, experience has shown
that even for small »n, and n,, this approach needs a considerable amount of
computational time.
5.1.2. Lyapunov approach. It is easy to verify that a 2-D transfer function
associated with the realization (A, B, C) can be written as
Cll(zy,2;) — Al ' B=Cy(z] — As) ' By +[C, + Cylz1 — Ay) ™1 A3]
x [2,]— Ay — Ay{z ] — Ay) 71 A1 x [By + Ay(z,1 — A) 71 B, ]
=D(z;) + Ci(z2)(z1 1 — A1(22)) 7' By (2;) (37 a)
or
Cli(zy,2,) —A]"'B=C,(z,1 - A,)"'B, +[C.+Ci(z,1-A;)7 " 4,]
¥ [2,] — Ay — As(2, 1 — A) "1 A,]7 X [By + As(z, 1 — 4,) 7' B;]
= Dy(z,) + Cy(z;){za1 — A5(2,)) "' By(2)) (37 b)
Further, notice that

iJ}

1
Ky =1, OJK[O]*WTEm:lfﬁm:l([1..1 0]F2(z1, 22))

([l O]Fs(zy, )y 422
z, 1z,
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which, by (37 a), implies that

1 dz, 1
= =2 I—A(z,)"! *
N g e 22 27 |z.|=I(Zl Ay(z2))7 " By(2,)BY(2,)
d
x (3,1~ Az) T (38)
1

Regarding z, as a complex parameter, the second integral of (38) is the positive-
definite hermitian solution of the Lyapunov equation

Ai(z;)K (22)AT(z;) — K, (2;) = — B,(2;) BY(2,) (39
Thus
| dz,
11—'2?1. |z2|=1K1(22)?2— (40

The integral in (40) can be computed through the use of the residue theorem.
Alternatively, one may notice that K,(z,) can be factorized as (see Youla 1961)

K(z;) = R1(2)K1(z2) (41)

where K,(z,) is a proper, stable rational matrix. Thus, if (4,, B, ;) is a minimal
realization of K,{z,), then (40) becomes

. 1 . . . d
K, =€, (__é; (zzl—A,)*Blﬁf(z'zl—m)*“f—zi)c?f
|Izal=1

2nj 23
=C,K,C] (42)
where K, is the positive-definite solution of the Lyapunov equation
,Z['IK"'I,Z'{_K'1=_El§T (43)
Similarly, by (37 b) we have
1 dz, 1 - .
Ky=-— Py (z,1 — Ay(z,)) "' By(2,) B3 (zy)
2nf Jiza=1 20 20 Jiz =1
_ _,dz 1 dz
x (2,1 — A3(zy)) 1-"3:—.5{; Ky(z) — (44)
z3 20 Ji=4 Zy

where A,(z,) and B,(z,) are defined in (37 b) and K,(z,) is the positive hermitian
solution of the Lyapunov equation
Ax(z2))K(z2,)A%(2,) — Ky(z1) = — B,(z,)B}(z,) (45)

Analogous to (40), the last integral in (44) can be evaluated by either applying the
residue theorem or factorizing K,(z,) as K,(z,)K#(z,) with K,(z,) proper and stable
and then computing K,, as

K= 62K~2 C.{
where K, is the positive-definite solution of the Lyapunov equation
EZK.',_,Z;—EZ = _52512-
and (A4,, B,, C,) is a minimal realization of K,(z,).

It is now obvious that W, (i= 1, 2) can also be calculated by applying the above
Lyapunov approach with certain straightforward modifications.
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5.2. Delay-differential systems: computation of Ky, and Wy (i=1, 2)

Since variables exp (sh) and s in (31) are dependent, the Lyapunov approach used
for the 2-D case will not work. A possible way of computing K;;; and W, (i=1, 2) is
first write (31) as

~

1 ® ) ' . .
K= E F (exp (jwh), jo)F¥(exp (jwh), jo) dw (46 a)
and
l "w I y n -
dd = 2_)'5 B G:(CXP (_](J)h]s_’w)(;d(exp (jwh),j(l)) dow (46 b)

and then used the residue theorem or some numericai integration method to compute
K,y and W, in (46).

6. Examples and concluding remarks
Example | (Jury and Premaratne 1986)
Let us consider a 2-D system having model (11) with

-05 075 i 1 0 1
0 0 | 0 0 0

A=| ———————~ R , b=|-- (47)
02625 0 :-05 075 1
0 0 |—005 —0025 0

and
c=[01 02 : 03 Q]

The approach proposed by Jury and Premaratne (1986) yields a reduced system
(.‘7, b, ¢) or order (2,1) where

—-05 075 1 1
i
A=] 0 0 |0 , b=[0[, and é=[01 02 : 03]
___________ - -
02625 0 | 05366 1

that was proved to be unstable.
We use the truncated double sums (34) and (35) to approximate K; and W,
{i=1,2). Taking L= M = 240, numerical computation gives

[3-.887426 0 0960192 0056943
K, = , Ky = (48 a)
0 0 0056943 0005045
" 0020792 —0-012830
Y| —o012830 0017320 |
0075208 —0-065187
W= (48 b)
| ~0:065187 0095434

Notice that K, of (48 a) is not positive definite, so that we can only reduce the order
of the system in the verticai direction.
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Using K, and W, of (48) as K and W in Algorithm 1 (described in Appendix A)
yields a 1-D balancing transformation:

. 1937878  0-389475
1 0111965 0-466287

Letting T=1I, @ T, an equivalent realization balanced in the vertical direction can be
computed as

-05 075} 1937878 (-389475
0 0 0 0
A=T 'AT=| ——-———-----= o m oo (49)
0-142326 0 | —0434674 0098126
|
—0034175 0 | —0-109428 —0-090326
10
0 .
b=T"'b= |-—-————— , and C=CT=[01 02 : 0581363 0-116843]
0-542154
—0-130192
A reduced system of order (2,1) can now be obtained from (49) as (4,, b,, ¢,) with
-05 075 | 1937878 1-0
- |
A= 0 0 10 ., b,=[00 , and
0-142326 0 E —0-434674 0542194
é=[01 02 : 0-581363] (50)

It is easy to check (Lu and Lee 1983) that the reduced system given by (50) is
BIBO stable. The magnitude of the frequency responses of (47) and (50) are shown in
Figs. 1 {(a) and (b}, respectively.

Example 2

We now consider reducing a retarded delay differential system described by
05z
= 1
09 = T 57025 7055 (1)

This system was found stable i.0.d. (Driver 1977). The neutral realization of (51) can
be obtained using the method suggested by Sontag (1978):

0 —-05 0
CCE Y R S ——— h(?) - h
=0/ 0 05 +|—1|u(ty=4 +bu (52a)
%(1) ! x(t) x
| -05 —1 0
_ k(1) h
wo=[ : 0 1] =c (52 b)
x(t) x

By (46 a), we use the numerical integration method to compute K ,,,{with h = 0-5) as
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(b)
Figure 1.

] o
K“FEJ
-0

(Jeo/2(1 + juo) +0'5
[exp o5exp o ]U—em —(je/))(1 - jo) + 05 —0Sexp(—jw/2)]
—05 exp (ju/2)

exp (j0/2) [[(025 — w?) + jw] + 0-5ja]? dw

102057 —31715 |
= (53 a)
—-31715  1:0680 |
Similarly, we have
w 03399 0 ] 535)
o 04076 |

Algorithm 1| where K and W are replaced by K,,,; and W,,, of (53) gives a 1-D
balancing transformation as

. 171454 017776
27| —053276 047704
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Forming T=1® T,, an equivalent realization of (52), which is balanced in the
s-direction, is given by

0 | 026638 —023852
A=T 1 AT=| —019478 i —007603 023491 (54)
1-87875 1 —0-76518 —0:92397
0
b=T ‘b=|—05272|, and é=cT=[0 : —053276 047704]
—0-58379
From (54), a reduced system of order (1, 1) is obtained as (A, b,, &) with
i 0 0-26638 0
A== , by=|-———-——- , and ¢=[0 : —053276]
—019478 ~007603 — 052272
(35)
The transfer function of (55) is
0-27849z
,5) = 56
Q=9 = 1 007603) + 005189 (56)

Clearly, (56) represents a reduced-delay system which is stable i.0.d. The magnitude of
the frequency responses of both original and reduced systems are shown in Fig. 2.

[
0 .5 1.0 1.5 2.0 2.17

= : The original system, = —: The reduced system

Figure 2.

In conclusion it can be stated that a natural extension of the concept of the balanced
realization to 2-D and delay-differential systems has been obtained through the use of
the complex integral representations of the gramians for the systems considered. The
generalized balanced realization is then used in approximating 2-D and delay systems.
Several relevant issues, such as the positive definiteness of the various gramians and
computation methods have also been considered. While the numerical examples show
that the resulting approximations maintain the stability property in both the 2-D and
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delay cases, and the reduction error appears to be acceptable, a general analysis of the
stability property and the reduction error associated with the suggested balanced
approximation approach is still under way. Finally, it should be pointed out that the
results can readily be extended to N-dimensional (N = 3) and non-commensurate delay
systems,
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Appendix A

An efficient algorithm suggested by Laub (1980) for obtaining a balanced
realization is listed below. It is worthwhile to note that the algorithm is valid for both
continuous and discrete-time systems that are assumed to be stable.
Algorithm 1 (Laub 1980)

Step |. Determination of the reachability gramian K and the observability gramian
W via the Bartels—Stewart algorithm. If the system is of discrete-time, then K
and W are the solutions of (5 a) and (5 b), respectively.

Step 2. Cholesky factorization of K
K=LLT
where L is lower triangular.

Step 3. Formation of LTWL.
Step 4. Solution of the symmetric eigenvalue/eigenvector problem

UT(LTWL)U = A
Step 5. Formation of T
T=LUA™
Step 6. Formation of the balanced realization (A, B, €) with
A=T 'AT, B=T"'B, and C=CT

whose reachability gramian and observability gramian are the same and equal
to A.

Appendix B
Proof of Theorem 3

Clearly, both K, and W, defined in (17) are semi-positive definite. Now assume
that (22) holds and there exists an (n, 4+ n,)-dimensional vector x such that
xTK,x =0. It can be shown that

xXTKyx= 3 ¥ Ix"M(G I
i=0 j=0

(see Theorem 4), thus x" K, x = 0 implies that

x"™M(,j)=0, for i20, j=0 (B1)
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Therefore,
xT[M(1,0) M@0, 1) .. M(n,,n;)]=0

Condition (22) now implies x =0 and hence K, is positive definite. It follows that
K; (i=1, 2) are positive definite.
Next we show that condition (23) implies the positive definiteness of

2. 2, ARCTCA,

i=0j=0

Let x € R"*™ be such that

Ms

0 j=0

it

CAyx=0 for i20, j=0

which means

Condition (23) now leads to x =0, and hence

T 5 atcTca,

i=0j=90
is positive definite. It follows from Theorem 4 that W; (i =1, 2) are positive definite.
d

Proof of Theorem 4
Write F,(z,,z,) as

B,z;

Fy(zy,2;) =[l(zy,2,) —A] ' B=[I — (A}p2;* +A01Z;l):|_l|: ]

-1
B,z;
.. Bfol
-]
Az "2, -
0 B,z;

ay| P erraiaay| Sit
ij i Z; Z
o i 0 L 2 j Bz 1 42

Note that on the unit circles |z,|=1and |z,| = 1, we have Z, = z; ' and Z, = z; !. The
use of the residue theorem then gives (25 a). To prove (25 b), write G,(z,, z;) as

I
s
™18

J

]
i
s

|

i=0j

Me

62(21’22)=C[l(21a22)—A]_l=( . _20 ) “Hzy, 22)

hence
W, = § 1(zy,2;) (Z Y Y Y ALCTCAgZ 2t
(an) led=1 Jlzal=1 i=h jS6 150 =0
dz, d
x I~ *{zl,zz)?zllziz2 (B2)
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Set ALCTCA, = W(i,j, 1, k) and partition it as

v Ug

U
W(i,j,l,k)=[u :| U eR"*™, U, eRm*m

3 Us

{B 2) then gives

"= (27‘1) Eﬁm ( ﬁzzl 1 'Z ; Z Z
y U.lz'l-lz"‘Z_k U2211+ l.—iz?—k—l di_d_.z_z (B 3)
U32l1_‘_lz"2-k+l U4z‘l-’z£—k Z; 2z,
The residue theorem now leads (B 3) to (25 b) immediately. O

Proof of Theorem 6

By (31), it is seen that K;;y =0 and W, >0 (i= 1, 2).

To show K;;; > 0, let us assume that Condition (33 a) holds and there exists an
x€ R"*™ such that x"K;,=0. Equation (31a) then gives x"F,(jw)=0 for
w € (— 0, o0) almost everywhere (a.e). That is, when m= 1,

@ @ b, 0

PIP) (Am[o](jw)“”“exp(—jwk)+A.k [b ](jw)"exp [—jeolk + 1)])=
B 2

for we(—oo, 0) ae.

which implies that

exp[—jw(k+1)]}=0 (B4a)

|2

0]
@ b,
xt Z {AonF j‘exP(—jwk)"'Am[
k=0 _O

:Iexp [—Jjefk + 1)]}=0 (B4b)

o F o

o

exp (—jwk) + A2k|: ]exp [—jew(k + 1)]}=0 (B4¢)

2

It follows from (B 4 a) that

2] T 0 2 1 .
kzo X" Aok |:sz| = L [TI {A()k[ ] exp [ —jwl(k + 1)]}
X Ao,[ 1exp[—jw(l+ * dw]}])c:o

xTAOk|: ] 0 fork=0
2

fNgE
Ms
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Similarly by (B 4 b) and {B 4 ¢) we have

xT AOk +Al.k—l =0 for k;o
0 b,

T A ' A ={) f k 0
X + - or =
1k 2k-1 s

and

respectively. Repeating this argument gives
xXTM(Lk)y=0 for [20, k>0
and thus
x"[M(1,0) M(0,1) ... M(n,n,)]=0

Condition (33 a) then implies x = 0. Therefore K,, >0 and so are K;,{i=1, 2).
To prove W;,>0, assume that (33b) holds and there exists an

X
x=|""|eR"*" such that W,; = 0. This, by (31 b), means that
X2

@ 0
2 C{Au‘ [XI](J'(»)"””GXP (—jwk) + Alk|: ](iw)" exp [jolk + 1)]} =0
0 k=0 0 X

for w e{— o0, ) a.e.
Using the same type of argument, we may conclude that

Cx=0, CAy;x=0, ..., CA, ,,-1x=0
Condition (33 b) then implies x = 0. Therefore W, > 0 and thus W, > 0. O

IIMg

i
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